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A method to determine feasible product compositions from a single-feed reacti®e
distillation column for finite rates of reaction is presented. Tracking of pinch points to
estimate the limit at minimum reflux is combined with performance modeling for the
limit at the minimum number of stages. Using two examples it is shown how the prod-
uct composition regions deform from the known limit of no reaction through intermedi-
ate rates of reaction and finally collapse onto the chemical equilibrium cur®e at ex-
tremely fast reaction rates. Howe®er, compositions can be achie®ed at intermediate re-

( ) (action rates that do not lie between the limits for slow no reaction and fast chemical
)equilibrium reactions.

Introduction

The design of reactive distillation systems requires a
knowledge of product composition specifications that will
generate a feasible column design. In the absence of a method
to determine the feasible product specifications, the design
process, for example, by simulation is inefficient or impossi-
ble. Frequently, a feasible column design is only found when
one or more of the product composition specifications is re-
laxed, leaving open the question of whether the originally de-
sired specifications were feasible. To overcome this problem,
feasibility analysis can be used to find the regions of the com-
position space that are accessible to reaction and separation
by distillation.

Estimation of feasible distillates and bottoms regions for
staged reactive distillation columns can be divided into three
cases on the basis of the rate of reaction in the column: ex-

Ž .tremely slow rates of reaction no reaction limit ; intermedi-
Ž .ate rates of reaction kinetic regime ; and very fast reaction

Ž .chemical equilibrium limit .
Feasibility studies at the two extreme limiting cases are

available. At the limit of no reaction two different ap-
proaches for the calculation of the feasible product regions

Ž .are available. The first approach by Van Dongen 1983 and
Ž .Van Dongen and Doherty 1985 used the similarity between

the composition profiles in a distillation column and simple
distillation residue curves at total reflux to estimate the feasi-
ble product regions, also referred to as the ‘‘bow-tie’’ regions.

Ž .Stichlmair and Herguijuela 1992 proposed a similar method
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that bounds the product compositions at total reflux. Wahn-
Ž . Ž .shafft et al. 1992 and Fidkowski et al. 1993 used a pinch

tracking method to calculate the feasible distillates and bot-
toms in conventional distillation. The pinch-tracking methods
are more accurate because they use the staged distillation
column model equations and incorporate finite reflux ratios.

At the opposite limit of chemical equilibrium, Ung and
Ž .Doherty 1995 introduced the concept of transformed com-

position variables to assess the feasibility for multiple equilib-
rium chemical reactions undergoing sharp splits in simple

Ž .columns. Espinosa et al. 1995 used the transformed compo-
sition variables along with the pinch-tracking techniques to
estimate the feasible product regions.

However, little is known about the feasible product regions
at intermediate rates of reaction. The aim of this study is to
estimate the product regions for ternary systems at interme-
diate rates of reaction and hence connect the known limits of
no reaction and chemical equilibrium. We discuss a hybrid
approach for the purpose of identifying feasible regions}
pinch-tracking techniques to determine the limit at minimum
reflux, and performance modeling to estimate the limit at the
minimum number of stages. We will demonstrate that these
limits encompass the feasible products for a given feed com-
position and rate of reaction.

Feasible Product Regions at the Limiting Cases
Consider a liquid phase reaction

2Cl Aq B , 1Ž .
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which is carried out in an ideal mixture with a rate given by

x x1 22r s k x y , 2Ž .1 f 3ž /K

where x , x , x are liquid-phase mol-fractions of A, B, and1 2 3
C, respectively. A is the lightest boiling and B is the heaviest

Žboiling component the relative volatilities are a s5 andAB
.a s3 ; k is the forward reaction-rate constant; and K isCB f

the chemical-equilibrium constant. We take K s0.25 to be
independent of temperature.

We consider a single-feed column, a total condenser, a
partial reboiler, and that the reaction occurs on all stages
including the condenser and the reboiler. We also assume
the following:
Ž .I The column is adiabatic.
Ž . ŽII The heat of vaporization is constant independent of

.composition and temperature .
Ž .III The heats of mixing are negligible.
Ž .IV The heat of reaction is negligible compared to the

enthalpy of vaporization.
Ž .V The feed is a saturated liquid.
These assumptions simply allow us to demonstrate the ap-

proach with the greatest clarity, and may be relaxed for many
systems of practical interest.

Ž .Fidkowski et al. 1993 described an algorithm for estimat-
ing feasible product regions for the limit of no reaction. Ap-
plying this algorithm to the ternary system just described for

Ž .a saturated liquid feed of x s 0.1, 0.1, 0.8 , we calculate theF
product regions as shown in Figure 1a. The only column de-
signs possible are those for which the product specifications
lie within the shaded areas.

ŽAt the other limit of chemical equilibrium extremely fast
.reaction , we know that the feasible product compositions lie

on the chemical equilibrium curve, as shown in Figure 1b.
Ž . Ž .Barbosa 1989 and Espinosa et al. 1995 studied this limit

and predicted the feasible product regions using transformed
composition variables.

Comparison of Figures 1a and 1b suggests the following
question: What are the feasible product regions at any inter-
mediate rate of reaction, and how do the product distribution
regions changerdeform as we move away from the limit of no
reaction through intermediate rates of reaction and finally
reach the chemical-equilibrium limit?

The answer to this question is the object of this article.

Distillation Limits and Feasibility
The feasible-product regions for an intermediate rate of

reaction are encompassed by two bounds that are the distilla-
tion limit at minimum reflux and the distillation limit at the
minimum number of stages. In this section we demonstrate
the development of these bounds and show that these bounds
limit that region of the composition space that is accessible to
separation by reactive distillation.

Distillation limit at minimum reflux
The overall mass balance for a reactive distillation column

and the ternary reactive mixture in Eq. 1 can be written in
terms of transformed variables given by Ung and Doherty

Figure 1. Feasible distillate and bottoms product re-
( ) ( )gions at: a Da=0 no reaction limit using

( )Fidkowski’s 1993 algorithm for a constant
volatility ternary mixture given by Eq. 1 with

( ) ( ) (x = 0.1, 0.1, 0.8 ; b Da=` chemical equi-F
)librium limit for the system given by Eq. 1.

Ž .1995 :

D X y XF , 1 B , 1
s , 3Ž .ž /B X y XD , 1 F , 1

where X , X and X are transformed mol fractionsF, 1 D , 1 B, 1
for the feed, distillate, and the bottoms. Equation 3 is analo-
gous to the lever rule for nonreactive systems in terms of mol

Ž .fractions Julka and Doherty, 1990 . The transformed mol
Ž .fractions defined by Ung and Doherty 1995 can be written

for a single chemical reaction as follows:

x n y x ni k k i
X s , is1, 2 4Ž . Ž .i ž /n yn xk T k

where k is the reference component.
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For our system we choose component 3 as the reference
component. Using the definition given in Eq. 4, the trans-
formed mol fractions can then be written as

X s x q0.5 x1 1 3

X s x q0.5 x . 5Ž .2 2 3

From Eq. 5, the sum of the two transformed mol fractions
Ž .is unity Ung and Doherty, 1995 . Thus, only one of the

transformed composition variables is independent. We choose
X as the independent variable. It is clear that the trans-1
formed mol fraction, X s0 implies x s0 and X s1 im-1 1 1
plies x s1. However, X does not generally specify x , for1 1 1
example, when X s0.95, x ranges from 0.90 to 0.95.1 1

The advantage of transformed variables is that they help
reduce the dimensionality of the problem in the limit of
chemical-reaction equilibrium. In addition, these reaction in-
variant variables can be used to write the lever rule in trans-

Ž .formed mol fraction coordinates Eq. 3 . For our example,
which is a three-component system with a single reaction, the

Ž .mol-fraction space is two-dimensional 0F x F1; 0F x F11 2
for the no-reaction limit and for finite rates of reaction
Ž .kinetic regime . However, at chemical equilibrium, the solu-

Žtion space is just the transformed composition line 0F X F1
.1 . In the kinetic regime, although the problem is repre-

sented in the mol fraction space, the overall mass balance is
still satisfied by the lever rule in transformed mole fractions
Ž .Eq. 3 . We will therefore make use of both ordinary as well
as transformed mol fractions to estimate the two distillation
limits in the kinetic regime.

Equation 3 can be rewritten as

D D
X q X s q1 X . 6Ž .D , 1 B , 1 F , 1ž / ž /B B

Ž .For a given pure reactant C feed X s0.5 , and DrBs1,F, 1
Eq. 6 becomes

X q X s1.0. 7Ž .D , 1 B , 1

Ž .We can choose different X , X pairs that satisfy thisD, 1 B, 1
overall mass balance, for example, X s0.7 and X s0.3.D, 1 B, 1
For x lying on X s0.3 we can find all feasible values ofB, 1 B, 1
x lying on X s0.7 using the ‘‘Boundary Value DesignD, 1 D , 1

Ž .Procedure’’ given in Buzad and Doherty 1995 . The rectify-
ing and stripping section design equations used there have
been modified slightly to account for a revised definition of

Ž .the Damkohler number Da .¨
Ž .Rectifying section design equations m stages

B
1q kr 1 fDy y x y x qmq1, i m , i D iž / ž / ž /r q1 r q1 r q1 kž / f , ref

m x xj, 1 j , 22= Da x y s0 is1, 2 . 8Ž . Ž .Ý j, 3ž /Kjs1

Ž .Stripping section design equations n stages

D
1q ks 1 fBx y y y x qnq1, i n , i B iž / ž / ž /sq1 sq1 sq1 kž / f , ref

n x xj, 1 j , 22= Da x y s0 is1, 2 . 9Ž . Ž .Ý j, 3ž /Kjs1

In Eqs. 8 and 9 the Damkohler number is defined as the¨
ratio of a characteristic residence time to a characteristic re-

Ž .action time Damkohler, 1939 :¨

HrF
Das , 10Ž .ž /1rk f , ref

Žwhere H is the molar liquid holdup on a stage assumed equal
.on all stages , F is the molar feed flow rate to the column,

and k is the forward rate constant evaluated at a refer-f , ref
ence temperature, T . For this example we have chosen kref f
to be independent of temperature, thus implying that
k rk s1.f f , ref

Ž . Ž .The reflux ratio r and the reboil ratio s are not inde-
pendent of each other. An overall energy balance for a satu-

Žrated liquid feed with constant molar flows implied the first
.four assumptions together with an equimolar reaction links

them together by

D s
s . 11Ž .ž /B r q1

Figure 2. Typical feasible reactive column design for a
saturated liquid pure-reactant feed and Da=
0.1305.
Product specifications: x s 0.46, X s 0.7, x s 0.0885,D,1 D ,1 B ,1
X s 0.3.B,1
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Figure 2 shows composition profiles and a feasible design
for the reactive system given by Eq. 1 at Das0.1305. The
feed to the column is pure C, and the product specifications
are as follows: x s0.46, X s0.7, x s0.0885, X sD, 1 D , 1 B, 1 B, 1
0.3. The resulting column design has 14 stages and a reflux
ratio of 0.935.

Keeping the bottoms composition fixed at the same value
as in Figure 2, we search for all possible feasible column de-
signs with the distillate compositions along X s0.7, bothD, 1
above and below x s0.46. Figure 3 shows the limiting col-D, 1
umn profiles for x s0.0885, X s0.3, and X s0.7.B, 1 B, 1 D , 1
The point xU in Figure 3a corresponds to the largest valueD, 1
of x for the given x . It represents the starting point ofD, 1 B, 1

Ža rectifying profile that contains a saddle pinch a pinch point
is a fixed point of Eqs. 8 and 9 that is approached asymptoti-
cally closely by the column profile; for a discussion of the
behavior and properties of fixed points of the staged reactive

Ž .distillation model used here, see Buzad and Doherty 1994
.and Appendix A in this article , x , and just touches ther̂

stripping profile that originates at x . In similar fashion,B, 1

Figure 3. Limiting distillates on X =0.7 correspond-D,1
ing to x = 0.0885 and X =0.3 at Da=B,1 B ,1
0.1305 for a saturated liquid reactant feed.

Figure 4. Distillate region on X =0.7 corresponding toD,1
x =0.0885 and X =0.3 at Da=0.1305 forB,1 B ,1
a saturated liquid reactant feed.

the point x L in Figure 3b corresponds to the smallest valueD, 1
of x lying on X . It represents the starting point of theD, 1 D , 1
rectifying profile that just touches the stripping profile that
originates at x and contains a saddle pinch, x . The regionˆB, 1 s
along X s0.7 between xU and x L represents all possi-D, 1 D , 1 D , 1
ble feasible distillates for the given x and is shown in Fig-B, 1
ure 4. The rectifying profiles originating from distillate com-
positions within this region and the stripping profiles origi-
nating at x will satisfy the criteria for a feasible reactiveB, 1
column design, which are

Ž1. Intersection of the rectifying and stripping profiles as in
.distillation without chemical reaction ;

2. The total extent of a reaction in the column as given by
the overall mass balance must equal the sum of extents of the
reaction on all stages in the rectifying and stripping sections,
as well as the condenser and reboiler.

U L ŽAs we move along X from x to x for a fixedD, 1 D , 1 D , 1
.value of x , the values of the reflux ratio for which feasibleB, 1

designs occur lie between r s0.266 and r s2.01. A plot of
N vs. r for feasible column designs having distillate compo-T
sitions between xU and x L and bottoms composition fixedD, 1 D , 1
at x s0.0885 and X s0.3 is shown in Figure 5. TheB, 1 B, 1
column design at r s0.266 corresponds to a large number of
stages in the rectifying section at the rectifying saddle pinch,
x , with the stripping profile just barely touching it. As ther̂
reflux ratio increases, the rectifying profile moves away from
the rectifying pinch and the number of stages decreases until
it reaches a minimum. Further increase in the reflux ratio
leads to the stripping profile beginning to pinch at the strip-
ping pinch causing the number of stages to rise again. Fi-
nally, at r s2.01 there is a large number of stages in the
stripping section at the stripping pinch, x , with the rectifyingˆs
profile barely touching it. A similar plot was also reported by
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Figure 5. Total number of stages vs. reflux ratio.
Data points are individual feasible designs for a saturated
liquid reactant feed. Specifications: X s 0.7, x s 0.0885D,1 B ,1
and X s 0.3, Das 0.1305.B,1

Ž .Okasinski and Doherty for a different X , X pair andD, 1 B, 1
Ž .Da Okasinski and Doherty, 1998, Figure 3 .

As x increases along X , the rectifying and strippingB, 1 B, 1
Ž .saddle pinches x and x , respectively start to approach eachˆ ˆr s

other along the reaction equilibrium curve. Correspondingly,
Ž Lthe distillate region on X that is, the region between xD, 1 D , 1

U .and x decreases in width, shifts toward the equilibriumD, 1
curve, and overlaps the previous region. Ultimately, a limit is
reached where for a particular value of x the rectifyingB, 1

Ž .and stripping pinches coalesce x s x on the transformedˆ ˆr s
feed composition line at the feed stage and a unique distil-
late composition, xU lying on X , corresponds to a singleD, 1 D , 1
bottoms composition, xU lying on X . The limiting pointsB, 1 B, 1
xU and xU lie on the distillation limit at minimum refluxD, 1 B, 1

Žratio, as show in Figure 6. This geometric condition coales-
cence of the rectifying and stripping pinches on the trans-

.formed feed mol fraction line can be exploited to derive a
simple analytical expression for the minimum reflux ratio for

Ž .a given X , X pair.D, 1 B, 1

X y XD , 1 F , 1
r q1s , 12Ž .min ž /Y y XF , 1 F , 1

where, Y is in simultaneous phase and chemical equilib-F, 1
rium, with X the transformed feed mol fraction. TheF, 1
derivation is provided in Appendix B.

Once the minimum reflux ratio is calculated for a given
Ž .X , X pair using Eq. 12, the problem of determiningD, 1 B, 1

Ž .the distillate bottoms compositions on the distillation limit
reduces to a one-variable numerical search. This is to deter-

Ž . Žmine the value of x x that will give a rectifying strip-D, 1 B, 1
.ping profile with a pinch on the transformed feed mol frac-

Figure 6. Distillate and bottoms compositions at mini-
mum reflux for Da=0.1305.

Ž .tion, X using Eq. 8 Eq. 9 . These special product compo-F, 1
sition points are denoted by xU and xU . For our example,D, 1 B, 1
X s0.7, X s0.3, Das0.1305, the minimum reflux ratioD, 1 B, 1
is r s0.2 as calculated from Eq. 12. Using this value, wemin

U Ž . U Žsearch for x lying on X s0.7 and x lying on XD, 1 D , 1 B, 1 B, 1
.s0.3 using Eqs. 8 and 9. These limiting points are shown in

Figure 6. The other points on the distillation limit at DrBs1
Ž .can be similarly determined by using different X , XD, 1 B, 1

Ž .pairs that satisfy the overall mass balance Eq. 7 . The result
is shown in Figure 7.

Figure 7. Distillation limit at minimum reflux for D /////B=1
for Da=0.1305.
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Figure 8. Distillation limits at minimum reflux for differ-
ent D/////B ratios for Da=0.1305.

We can similarly estimate the distillation limits at mini-
mum reflux ratio for different values of DrB with the result
shown in Figure 8. It is clear from the figure that the distilla-
tion limit is virtually independent of DrB. For our example,
which has X s0.5, DrBs1 implies that 0F X F0.5 andF, 1 B, 1
0.5F X F1. Thus, we can ‘‘sweep’’ the entire transformedD, 1
composition line 0F X F1. Any other value of DrB would1
indicate that X and X only partially sweep the trans-D, 1 B, 1
formed composition line. Therefore, it is convenient to use
the value of DrBs1 for computing the distillation limit at
minimum reflux ratio. For a different X , the DrB thatF, 1
sweeps the entire transformed composition line will be differ-
ent. This value of DrB is obtained by equating the righthand
side of Eq. 6 to unity.

The distillation limit at minimum reflux ratio is a function
of the transformed feed mol fraction X . All feed-composi-F, 1
tion mol fractions, x lying on X will yield the sameF, 1 F , 1
distillation limit. Of course, the distillation limit at minimum
reflux ratio also depends on Da.

Distillation limit at minimum number of stages
In the previous section we showed that as x increasesB, 1

from the value in Figure 2 along X s0.3, the correspond-B, 1
ing distillate region on X s0.7 shrinks until the conditionD, 1
shown in Figure 6 is reached, corresponding to the minimum
reflux case. In this subsection we investigate what happens
when x is decreased from the value in Figure 2 along XB, 1 B, 1
s0.3.

When we decrease x along X s0.3, the rectifying andB, 1 B, 1
Žstripping pinch points lying on the chemical equilibrium

.curve start to move away from each other. Correspondingly,
the distillate region lying on X s0.7 increases in size fromD, 1
that shown in Figure 4. A situation arises when, for a given
value of x , the stripping fixed point moves outside the col-B, 1

umn, that is, it lies on the transformed mol fraction, X )1
X . The total number of stages vs. reflux ratio for x sD, 1 B, 1

Ž .0.0485 and an overall mass balance governed by the 0.7, 0.3
pair at Das0.1305 is shown in Figure 9a. A typical feasible
column design corresponding to r s17 in Figure 9a is shown
in Figure 9b. The design has a finite number of stages and it
can be seen that the stripping fixed point is located outside
the column beyond X s0.7. Comparing Figures 5 and 9a,D, 1
we make the following observation. In Figure 5, for x sB, 1
0.0885 the distillate region is bounded by designs at an infi-

Žnite number of stages corresponding to the rectifying and
.stripping pinches . However, in Figure 9a, for x s0.0485B, 1

( )Figure 9. a Total number of stages vs. reflux ratio at
( )Da=0.1305; b typical feasible reactive col-

umn design with stripping fixed point outside
the column.

Ž .For a , data points are individual designs for a saturated
liquid reactant feed. Specifications: X s 0.7, x s 0.0485D,1 B ,1

Ž .and X s 0.3. For b , design at r s17 in Figure 9a.B,1
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the distillate region is bounded by designs at an infinite num-
Ž .ber of stages due to the rectifying pinch and a finite number

Žof stages due to the absence of stripping pinch in the col-
.umn . This indicates that as x decreases along X s0.3,B, 1 B, 1

Žthe lower limit of the feasible distillate composition lying on
.X s0.7 , which was previously determined by an infiniteD, 1

number of stages, is now determined by a finite number of
stages. We conclude that as x decreases further alongB, 1
X s0.3, there will be a minimum number of stages thatB, 1

Ž .will satisfy the overall mass balance given by the 0.7, 0.3
pair. The distillate and bottoms compositions that satisfy this
condition will lie on the distillation limit at a minimum num-
ber of stages.

We determine this distillation limit at a minimum number
of stages from a performance calculation. The five degrees of
freedom specified for the simulation are Da, DrB, N , feedT
location, and r. For a pure reactant feed and DrBs1, the
distillate and bottoms composition are constrained to lie on
Ž .X , X pairs that satisfy the overall mass balance givenD, 1 B, 1

Ž .by Eq. 7, for example, 0.7, 0.3 . The idea here is to simulate
and find a column design using the minimum number of stages
with the constraint that the distillate and bottoms composi-
tions lie on X s0.7 and X s0.3, respectively.D, 1 B, 1

To accomplish this, we start with the smallest number of
stages in the column, which is one, and by simulation deter-
mine if it is possible to satisfy the overall mass balance for
any value of reflux ratio. If the number of stages is insuffi-
cient, we increase the number of stages by one until the over-
all mass balance is first satisfied. For example, the minimum
number of stages for the overall mass balance given by the
Ž . Ž .0.7, 0.3 pair and Das0.1305 is 4 including the reboiler , as
shown in Figure 10. The value of the reflux ratio is 31.02,
which is the maximum achievable value of reflux ratio for the
Ž . Ž q .0.7, 0.3 pair at DrBs1. The distillate x and bottomsD, 1

Ž q .compositions x are the product-composition mol frac-B, 1
tions lying on the distillation limit at minimum number of stages

Ž .for the pair 0.7, 0.3 at DrBs1. An increase or decrease in
Ž .the reflux ratio keeping the number of stages fixed at 4 will

lead to product compositions that do not obey the overall
Ž .mass balance given by the 0.7, 0.3 pair.

ŽAn increase in the number of stages with a simultaneous
.decrease in reflux ratio to satisfy the overall mass balance

Ž . Ž .will make the distillate x and bottoms compositions xD, 1 B, 1
move away from xq and xq along X s0.7 and X sD, 1 B, 1 D , 1 B, 1
0.3, respectively, until they reach xU and xU , respectively,D, 1 B, 1
which lie on the distillation limit at minimum reflux ratio. A
decrease in the number of stages from the minimum, how-
ever, will lead to distillate and bottoms compositions that do

Ž .not satisfy the overall mass balance given by the 0.7, 0.3
pair.

Other points on the distillation limit at a minimum number
Ž .of stages at DrBs1 can be estimated using X , X pairsD, 1 B, 1

satisfying Eq. 7. In similar fashion we can estimate the distil-
lation limits at a minimum number of stages for different val-
ues of DrB ratios. These are shown in Figure 11. We notice
that unlike the distillation limit at minimum reflux ratio, the
distillation limit at a minimum number of stages is dependent
on the DrB ratio. To account for this variability, we calculate
a distillation limit that is an outer locus of all product compo-
sitions at a minimum number of stages as a function of DrB.
This limit is shown in Figure 12. A step-by-step procedure

Figure 10. Distillate and bottoms composition at mini-
mum number of stages for a overall mass
balance.
Simulation degrees of freedom: N s 4, feed stages 2, rT
s31.02, DrB s1, Das 0.1305.

describing the calculation of this limit at a minimum number
of stages that takes into account the variation in DrB is pro-

Ž .vided in step 2 of the feasibility algorithm described in the
next section.

Like the distillation limit at minimum reflux ratio, the dis-
tillation limit at a minimum number of stages is also de-

Figure 11. Distillation limits at minimum number of
stages for different D/////B ratios at Da=0.1305.
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Figure 12. Distillation limit at minimum number of
stages at Da=0.1305 for a saturated liquid
reactant feed taking into account the varia-
tion with respect to the D/////B ratio.

pendent on Da. However, it depends on the feed composi-
tion, x , unlike the distillation limit at minimum reflux ra-F, 1
tio, for which all x that lie on the same transformed feedF, 1
mol fraction, X , have the same distillation limit.F, 1

Feasibility Algorithm
The overall procedure for the calculation of the feasibility

distillates and bottoms regions for the reactive distillation of
ternary mixtures is provided in the algorithm below. For a
given saturated liquid feed composition, column pressure, and
Damkohler number, there are two bounds on the feasible re-¨
gions: the distillation limit at minimum reflux ratio, and the
distillation limit at a minimum number of stages. Further, the
feasible distillates region is separated from the feasible bot-
toms region by the transformed feed mol fraction line. This
algorithm is applicable to those ternary systems for which the
branches of saddle pinches for the rectifying and stripping
sections overlap each other along the chemical equilibrium
curve. Chemistries of the form as given by Eq. 1, and so on,
satisfy this condition and can be treated by this algorithm.

( )Step 1 : Distillation limit at minimum reflux ratio
Ž .i Calculate X from the feed-composition mol fractionsF, 1

using Eq. 4.
Ž .ii Calculate Y from a bubble point calculation using PF, 1

and x .F
Ž .iii Determine DrB by equating the righthand side of Eq.

6 to unity.
Ž . Ž .iv Select X close to 1 such as 0.99 .D, 1
Ž .v Calculate X using Eq. 6.B, 1
Ž . Žvi Determine the minimum reflux ratio for this X ,D, 1
.X pair using Eq. 12.B, 1

Ž .vii Calculate the corresponding reboil ratio from Eq. 11.
Ž .viii Numerically solve Eqs. 8 and 9 to determine the loca-

U U Žtion of the distillate, x and bottoms composition, x withD, 1 B, 1
.the constraint that they lie on X and X , respectively .D, 1 B, 1

This will make the rectifying and stripping saddle pinches co-
alesce on the intersection of the transformed feed mol frac-

Ž .tion line and the equilibrium curve as in Figure 6 .
Ž . Ž . Ž .ix Repeat steps v through viii for different values of

X less than 1.0 but greater than X 0 at which r s0.D, 1 D , 1 min
Ž . 0x For X F X - X , the minimum reflux ratio isF, 1 D , 1 D , 1

negative. Since we exceed the distillate specification with a
value of r F0, use r s0 for calculation of the distillate com-
position lying on the distillation limit. Calculate the corre-

Ž .sponding value of s from the energy balance Eq. 11 . Next,
Ž . Ž .using Eq. 8 and 9 calculate the distillate and bottoms com-

Ž .positions lying on X and X which would give a saddleD, 1 B, 1
Ž .pinch on the chemical equilibrium curve at r s0 and s .

Ž . Ž U .xi Join all the distillates x and the bottoms composi-D, 1
Ž U .tions x so obtained. The result is the distillation limit atB, 1

minimum reflux ratio.

( )Step 2 : Distillation limit at minimum number of stages
This distillation limit is calculated with the help of a simu-

lator. We determine the distillate and bottoms distillation
limits separately as shown below.

( )a Limit for Distillates. This is the locus of all distillate
compositions lying on the maximum possible transformed dis-

Ž max.tillate mol fraction for a particular DrB ratio called X .D, 1
Ž . Ž .i Select a DrB between the value calculated in step 1 ii

Ž .and ` such as 10 .
Ž . maxii Calculate X for this DrB ratio by putting X s0D, 1 B, 1

in Eq. 6, that is,

1
maxX s X 1q . 13Ž .D , 1 F , 1 ž /DrB

Ž .iii Specify the four remaining degrees of freedom for the
Ž .simulation: N , r s very large say 10,000 , Da, feed stagesT

Žtop stage simulations have shown that to include all possible
column designs for a minimum number of stages, the distilla-
tion limit at minimum number of stages for the distillates
should be calculated with the feed stage as the top stage;
likewise, the distillation limit at a minimum number of stages
for the bottoms must be calculated with the feed stage as the

. wlast stage Note: DrB is the fifth degree of freedom, which is
Ž .xalready specified in step i .

Ž .iv Using the simulator, find the minimum number of
stages necessary to satisfy the overall mass balance as given
by Eq. 13 for the selected DrB. Start with one stage and
check whether the overall balance will be satisfied. If not,
increase the number of stages by one and repeat the process.
Continue until the overall mass balance as given by the
Ž max .X , 0 pair is first satisfied. Make a note of the distillateD, 1
composition, xq .D, 1
Ž . Ž . Ž .v Repeat steps i through iv for different DrB.
Ž . qvi Join all x so obtained. The result is the distillationD, 1

limit at a minimum number of stages for the distillates.
( )b Limit for Bottoms. This is the locus of all bottoms

compositions lying on the minimum possible transformed
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( )Figure 13. Feasible distillate and bottoms product regions at various values of Da for Example 1: x = 0.1, 0.1, 0.8F
vmarked by .
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Ž min.bottoms mol fraction for a particular DrB ratio called X .B, 1
Ž .i Select a DrB between 0 and the value calculated in step
Ž . Ž .1 ii such as 0.1 .
Ž . minii Calculate X for this DrB ratio by putting X s1B, 1 D , 1

in Eq. 6, that is,

D D
minX s X 1q y . 14Ž .B , 1 F , 1 ž /B B

Ž .iii Specify the four remaining degrees of freedom for the
Ž .simulation: N , ss very large say 10,000 , Da, feed stagesT

bottom stage.
Ž .iv Using the simulator find the minimum number of stages

necessary to satisfy the overall mass balance as given by Eq.
14 for the selected DrB. Start with one stage and check
whether the overall balance will be satisfied. If not, increase
the number of stages by one and repeat the simulation. Con-

Ž min.tinue until the overall mass balance as given by the 1, XB, 1
pair is first satisfied. Make a note of the bottoms composi-
tion, xq .B, 1
Ž . Ž . Ž .v Repeat steps i through iv for different DrB ratios.
Ž . qvi Join all x so obtained. The result is the distillationB, 1

limit at the minimum number of stages for the bottoms.

( )Steps 3 : Transformed feed mol fraction line
Draw the line X s X on the mole-fraction composition1 F , 1

triangle. The feasible distillates are separated from the feasi-
ble bottoms by the transformed mol fraction feed line, X s1
X . This is due to the fact that X must lie between XF, 1 F , 1 B, 1
and X from the lever rule in Eq. 3.D, 1

Examples
In this section, we apply the algorithm from the previous

section to determine the feasible product regions for two ex-
amples.

Example 1
Here we consider the constant volatility ternary system

Ž .given by Eq. 1. The feed composition is x s 0.1, 0.1, 0.8F
and is a saturated liquid. The feasible product regions for
various values of Da are shown in Figure 13. An important
result is that pure A and pure B can be obtained as products
irrespective of the rate of reaction.

The feasible product regions deform smoothly as Da is in-
Ž .creased from a very small value Das0.001 to a large value

Ž .Das10,000 . At a larger value the two distillation limits are
essentially superimposed on the chemical equilibrium curve.
This is the limit of chemical equilibrium where all column
composition profiles lie on the chemical-equilibrium curve
and the dimensionality of the problem is reduced by one. The
kinetic product regions converge on the equilibrium product
regions as Da gets large. This limit of chemical equilibrium
has been studied in more detail by other authors, notably

Ž . Ž .Barbosa and Doherty 1988 , Ung and Doherty 1995 , and
Ž .Espinosa et al. 1995 .

For values of Da);0.5, an interesting phenomenon oc-
curs. The feasible bottoms region lies on the opposite side of
chemical-equilibrium curve to the feed composition. As Da
increases, the distillation limit for the bottoms at a minimum

number of stages moves further away from the chemical-
equilibrium curve, and it is farthest from the chemical-equi-
librium curve at Das10. Any further increase in Da brings
the distillation limit back toward the equilibrium curve until
it collapses onto the equilibrium curve at large Da. To verify
that this prediction is not a numerical artifact, we simulated

Ž .reactive columns for a variety of inputs feed compositions
Ž .and parameters N , feed stage location, Da, r, s and foundT
Ž .that the outputs distillate and bottoms compositions do in

fact lie inside the feasible regions, even when they fall on the
‘‘wrong’’ side of the chemical-equilibrium curve. For example,
Figure 13 for Das10, shows the distillate and bottoms com-
positions achievable with the following inputs and parame-

Ž .ters: x s 0.1, 0.1, 0.8 , N s5, feed stages2, r s39, andF T
ss40. The distillate and bottoms compositions are shown by
a filled diamond and a filled triangle, respectively. It is note-
worthy that the bottoms composition lies on the ‘‘wrong’’ side
of the chemical-equilibrium curve, as predicted by the feasi-
bility algorithm.

At the other end of the reaction-rate spectrum, that is, at
Ž . Ž .Das0 no reaction limit , Fidkowski et al. 1993 have pro-

posed an algorithm for the estimation of the feasible product
regions in ternary mixtures. For the same system and feed
composition as in this example, and using Fidkowski’s algo-
rithm, the feasible product regions at Das0 are shown in
Figure 1a. We immediately notice that there is a visible dif-
ference in the feasible regions between Das0 and Das
0.001 shown in Figure 13. This can be attributed to a singular
limit at Das0. For example, at Das0, for a given distillate
and bottoms composition lying on the AC and BC edges of
the triangular composition diagram and a finite reflux and
reboil ratio, respectively, the saddle pinches of the rectifying
and stripping profiles lie on the AC and BC edges of the
triangular composition diagram, respectively. However, the

Ž .moment we turn on the reaction even slightly Das0.001 ,
these saddle pinches move discontinuously onto the chemi-
cal-equilibrium curve, thereby causing the rapid distortion of
feasible product regions between Das0 and Das0.001.
This happens because, although at Das0.001 the holdup on

Ž .a stage is finite and small , the total holdup in the column
with a saddle pinch will be infinite because of the infinite
number of stages. At infinite total holdup, we have condi-
tions of chemical reaction equilibrium at the pinch, thereby
causing the saddle pinch to lie on the chemical-equilibrium
curve.

A way of getting around this problem would be to redefine
Da on the basis of a fixed and finite total molar holdup in a
column and to reformulate the column model. This total
holdup model is discussed in Appendix C. However, its use-
fulness in estimating the feasible product regions is limited,
as explained in this appendix.

Example 2
Here, we consider the metathesis of 2-pentene to 2-butene

and 3-hexene

2C H lC H qC H . 15Ž .5 10 4 8 6 12

The reaction occurs at atmospheric pressure and has negli-
gible heat of reaction. The temperature range for reactive
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( )Figure 14. Feasible distillate and bottoms product regions at various values of Da for Example 2: x = 0, 0, 1F
vmarked by .

distillation operation is 48C-T -678C. The system has an
ideal vapor]liquid equilibrium. Physical property data and
kinetic rate expression have been taken from Okasinski and

Ž .Doherty 1998 . 2-Butene was chosen as the reference com-
ponent. The temperature-dependent rate expression is given
by

x xC C4 62r s0.5k x y , 16Ž .C f C6 5ž /K

where k s3,553.6 eŽy6.6wkcalrmolx RT . miny1 and K s0.25.f
Figure 14 shows the feasible product regions for this sys-

tem at different Da for a saturated liquid feed of pure 2-
pentene. The feasible product regions distort smoothly with
Da and collapse onto the chemical-equilibrium curve at large
Da.

Conclusion
Feasible product regions for the reactive distillation of

ternary systems with negligible heats of reaction are deter-
mined by a systematic procedure. This provides an estimate
of the product regions at intermediate rates of reaction that
are accessible by reactive distillation. It was shown that the
rectifying and stripping profiles originating from the distillate
and bottoms compositions that lead to saddle pinch points
coalescing on the transformed feed mol fraction line lie on
the distillation limit at minimum reflux ratio. The distillation
limit at a minimum number of stages was calculated with the
aid of a simulator. These two bounds help distinguish the
feasible product compositions from the infeasible product
compositions in the mol fraction composition space. An algo-
rithm was developed to estimate the feasible product regions
of ternary systems for a given feed composition. The algo-
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rithm is applicable to those ternary systems for which the
branches of saddle fixed points for the rectifying and strip-
ping sections overlap each other along the reaction equilib-
rium curve. The application of the algorithm was illustrated
in two examples, including the metathesis of 2-pentene to 2-
butene and 3-hexene. An important result is that 2-butene
and 3-hexene can be obtained as products irrespective of the
rate of reaction.
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Notation
Bsbottoms product flow rate, molrtime
csnumber of components

Dsdistillate flow rate, molrtime
k s forward reaction rate constant at the reference temperaturef , ref

n s stoichiometric coefficient for component ii
n s summation of all stoichiometric coefficientsT
N s total number of stages in the columnT

Rsuniversal gas constant

Subscripts and Superscripts
js stage index

ms stage index for rectifying section
ns stage index for stripping section
ss stripping section

U sproduct composition at minimum reflux
Ls lower bound
r s rectifying section
tsproduct composition at minimum number of stages

Usupper bound
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Appendix A
The fixed points of the rectifying and stripping sections always

lie on the reaction equilibrium cur®e.
The operating line for an envelope of n stages in the strip-

Ž .ping section is given by Eq. 9. For an envelope of ny1
stages, the corresponding stripping operating line will be

D
1q ks 1 fBx y y y x qn , i ny1, i B iž / ž / ž /sq1 sq1 sq1 kž / f ,ref

ny1 x xj,1 j ,22= Da x y s0 is1, 2 . A1Ž . Ž .Ý j,3ž /Kjs1

Subtracting Eq. A1 from Eq. 9, we get

D
1qs Bx y x y y y y qŽ . Ž .nq1, i n , i n , i ny1, iž /sq1 sq1ž /

k x xf n ,1 n ,22= Da x y s0 is1, 2 . A2Ž . Ž .n ,3ž /ž /k Kf ,ref

Ž .At a fixed point, x y x ™0 as n™`, which impliesnq1, i n, i
Ž .that y y y ™0 as n™`. Therefore, at a fixed point,n, i ny1, i

x, Eq. A2 reduces toˆ

x xˆ ˆ1 22x y s0. A3Ž .3̂ž /K

This implies that the fixed points of the stripping section will
always lie on the chemical-equilibrium curve.

For a general chemistry, the equivalent fixed-point criteria
can be obtained in accordance with the model described ear-
lier. The equivalent of Eq. A2 for a general chemistry is given
by

w xV q B x y V q B x y V y yV yw xŽ . Ž .n nq1, i n n , i n n , i ny1 ny1, i

ny1

sDa?F n yn x R x y n yn x R xŽ . Ž . Ž . Ž .Ý Ýi T nq1, i j i T n , i j
js1 js1

is1, 2 , A4Ž . Ž .

May 2000 Vol. 46, No. 5 AIChE Journal934



where F is the feed flow to the column; V is the vapor flown
Ž .out of the nth stage; and R x is the driving force for thej

reaction on the jth stage. For example, a chemistry of the
Ž .type given by Eq. 1 has an R x given byj

x xj,1 j ,22R x s x y . A5Ž . Ž .j j,3ž /K

ŽNext, we introduce a new parameter, D Venimadhavan et
.al., 1999 , defined as

Da
Ds , A6Ž .

1q Da

where D varies from 0 to 1 with Ds0 being the no-reaction
limit and Ds1 the chemical-reaction equilibrium limit. Val-
ues of D intermediate between 0 and 1 represent the kinetic
reaction regime. The advantage of this parametric formula-
tion is that it avoids a singular limit at chemical equilibrium

Ž .where Das` and R x s0. Incorporating Eq. A6 into Eq.
A5 gives us the following equation:

1y D V q B x y V q B xw xŽ . Ž . Ž .n nq1, i n n , i

w xy 1y D V y yV yŽ . n n , i ny1 ny1, i

n ny1

sD?F n yn x R x y n yn x R xŽ . Ž . Ž . Ž .Ý Ýi T nq1, i j i T n , i j
js1 js1

is1, 2 . A7Ž . Ž .

The liquid and vapor flows do not change at a fixed point,
nor do the liquid and vapor compositions. Thus at a fixed
point we have the following condition:

ˆV sV sVn ny1

x s x s x̂nq1 n

y s y s y. A8Ž .ˆn ny1

Applying these conditions to Eq. A7, we get the criteria for
the existence of fixed points

D n yn x R x s0 is1, 2 . A9Ž . Ž . Ž .Ž .ˆ ˆi T i

Equation A9 tells us that for all 0- DF1, one of the fixed
points for the stripping map will always lie at the pole point,

Ž . Žx sn rn is1, 2 Hauan and Lien, 1998; Stichlmair andî i T
.Fair, 1998 . All other fixed points lie on the chemical-equi-

Ž Ž . .librium curve R x s0 .ˆ
It is known that the pole point always lies outside the phys-

ically realizable composition space and will thus never be a
pinch point. However, fixed points that lie on the chemical-
equilibrium curve in the interior of the physically realizable
composition space have the potential to become pinch points,
because stripping profiles can come asymptotically close to
them. The location of these pinch points is independent of
the operating reaction regime. For kinetic as well as chemi-
cal-equilibrium-limited regimes, the pinch points will always
be located on the chemical-equilibrium curve.

A similar result is obtained for the rectifying section.

Appendix B
The rectifying and stripping saddle pinches coalesce at the in-

tersection of the transformed feed mol fraction line and the
chemical equilibrium cur®e at minimum reflux ratio.

The criterion for the existence of fixed points of the recti-
fying map for a ternary system can be obtained by writing Eq.

Ž .8 for components 1 and 3 reference component and adding
the two equations:

r 1
ˆ ˆY s X q X . B1Ž .r ,1 r ,1 D ,1ž / ž /r q1 r q1

Likewise, for the stripping map, the criterion for the exist-
ence of fixed points is given by

s 1
ˆ ˆX s Y q X , B2Ž .s,1 s ,1 B ,1ž / ž /sq1 r q1

with the restriction that the fixed points lie on the equilib-
Žrium curve Buzad and Doherty, 1994 and Appendix A of

.this article . Equations A3 and B1 are the necessary and suf-
ficient conditions for the existence of a fixed point in a recti-
fying map. Similarly, Eqs. A3 and B2 are the necessary and
sufficient conditions for fixed points of a stripping map.

For the fixed points of the rectifying and stripping maps to
coalesce,

ˆ ˆ ˆX s X s Xs,1 r ,1 1

ˆ ˆ ˆY sY sY . B3Ž .s,1 r ,1 1

ˆUsing Eqs. B3 in Eqs. B1 and B2, and eliminating Y , we get1

sX q r q1 XŽ .D ,1 B ,1
X̂ s . B4Ž .1 ž /sq r q1

For a saturated liquid feed, the energy balance is given by
Eq. 11. From Eqs. B4 and 11, eliminating r and s and rear-
ranging, we get the following equation:

ˆD X y X1 B ,1
s . B5Ž .ˆž /B X y XD ,1 1

The overall mass balance can also be written in terms of
the transformed mol fractions, and is given by Eq. 3. Obvi-
ously, for Eq. 3 and Eq. B5 to be satisfied simultaneously,

X̂ s X , B6Ž .1 F ,1

that is, the rectifying and stripping pinches must both be lo-
cated at the intersection of the transformed feed mol fraction

ˆline and the chemical-equilibrium curve. Since Y is in chem-1
ˆical equilibrium with X , it follows from Eq. B6 that1

Ŷ sY , B7Ž .1 F ,1
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where Y is the transformed vapor composition in chemicalF,1
equilibrium with X . These conditions are true for satu-F,1
rated liquid feeds, but can be extended to nonsaturated liq-
uid feeds following similar arguments.

The value of the reflux ratio at which the two pinches coa-
lesce on the transformed feed mol fraction line is the mini-
mum reflux ratio and is calculated by making r the subject of
the formula in Eq. B1:

ˆX y XD ,1 1
r q1s . B8Ž .min ž /ˆ ˆY y X1 1

Substituting Eqs. B6 and B7 into Eq. B8 gives Eq. 12.

Appendix C
The total holdup formulation.
The model used throughout this study uses the definition

of Da given by Eq. 10. This model formulation yields a singu-
larity at Das0 as noted in Example 1. To avoid this singu-
larity we can reformulate the model by defining Da as

H rFT
Das , C1Ž .ž /1rk f ,ref

where H is the total holdup of the reacting liquid in theT
column that is a fixed and finite quantity. The design equa-
tions for the rectifying and stripping sections become

r 1
y y x y xmq1, i m , i D iž / ž /r q1 r q1

B
1q mk x xDaf j,1 j ,2D 2q x y s0Ý j,3ž /ž /ž /r q1 k N Kž / f ,ref T js1

is1, 2 C2Ž . Ž .

s 1
x y y y xnq1, i n , i B iž / ž /sq1 sq1

D
1q nk x xDaf j,1 j ,2B 2q x y s0Ý j,3ž /ž /ž /sq1 k N Kž / f ,ref T js1

is1, 2 . C3Ž . Ž .

The total holdup, H is distributed equally on all stagesT
and N is the total number of stages in the column. Also theT
reflux ratio, reboil ratio, and DrB are related by the energy
balance in Eq. 11.

The location of the saddle fixed points is central to the
determination of the distillation limit at minimum reflux.
Therefore, on investigating the behavior of the saddle fixed
points branches of the rectifying and stripping sections with
Da, we find

1. At Das0, the saddle fixed points for the rectifying and
stripping sections are located at the light]intermediate and
intermediate]heavy edges of the triangular phase space.

2. For 0- Da-d , the saddle fixed points travel continu-
ously from the edges of the composition triangle to the equi-

Ž .librium curve d -0.1 .
3. For DaGd , the saddle fixed points remain on the equi-

librium curve.
To calculate the location of these saddle fixed points we

Žrequire a very high numerical precision greater than quad
.precision for 0- Da-d . Moreover, the fixed points move

very quickly onto the equilibrium curve and remain there
Ž . Ž .DaGd . This range DaGd is in fact covered very well by
the model for which Da is defined by Eq. 10. Therefore, con-
sidering the computational expenditure involved in locating
the saddle fixed points and the corresponding small
gain]continuity in the 0- Da-d range, the total holdup
formulation does not seem an attractive proposition for the
determination of the distillation limit at minimum reflux.
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